Understanding the distribution of quantum entanglement over many parties is a fundamental challenge of quantum physics and is of practical relevance for several applications in the field of quantum information. Here we use methods from quantum metrology to microscopically characterize the entanglement structure of multimode continuous-variable states in all possible multi-partitions and in all reduced distributions. From experimentally measured covariance matrices of Gaussian states with 2, 3, and 4 photonic modes with controllable losses, we extract the metrological sensitivity as well as an upper separability bound for each partition. An entanglement witness is constructed by comparing the two quantities. Our analysis demonstrates the usefulness of these methods for continuous-variable systems and provides a detailed geometric understanding of the robustness of cluster-state entanglement under photon losses.
Understanding the distribution of quantum entanglement over many parties is a fundamental challenge of quantum physics and is of practical relevance for several applications in the field of quantum information. Here we use methods from quantum metrology to microscopically characterize the entanglement structure of multimode continuous-variable states in all possible multi-partitions and in all reduced distributions. From experimentally measured covariance matrices of Gaussian states with 2, 3, and 4 photonic modes with controllable losses, we extract the metrological sensitivity as well as an upper separability bound for each partition. An entanglement witness is constructed by comparing the two quantities. Our analysis demonstrates the usefulness of these methods for continuous-variable systems and provides a detailed geometric understanding of the robustness of cluster-state entanglement under photon losses.
Entanglement plays a central role in quantum information science [1] [2] [3] [4] [5] , in particular for quantum computation [6] [7] [8] [9] and quantum metrology [10] [11] [12] [13] [14] . An efficient analysis of the quantum resources for such applications requires a detailed understanding of the correlation structure of multipartite quantum states and the development of experimentally feasible methods for their experimental characterization.
Entanglement of continuous-variable (CV) systems has been studied intensively over the past years [2, 3, 5] . The most common method for the analysis of bi-partitions is the positive partial transposition (PPT) criterion, which is highly efficient and easy to implement for Gaussian states [15, 16] . Providing a microscopic picture of the entanglement structure in terms of all possible combinations of subsystems, i.e., multi-partitions, is a considerably more difficult task [17] . Multipartite CV entanglement criteria for specific partitions can be derived from uncertainty relations [18] [19] [20] or by systematic construction of entanglement witnesses [21, 22] . While criteria of this kind are experimentally convenient in many cases [23] [24] [25] [26] [27] , they require the additional effort of determining the separability bound as a function of the observables at hand, which can be a complicated problem in general. Moreover, abstract entanglement witnesses usually provide little intuition about the physical significance and origin of the entanglement.
The Fisher information relates the multipartite entanglement between the subsystems to the sensitivity for quantum parameter estimation [12, 28] . This approach has proven to be extremely successful with discrete-variable systems, especially for spin systems of cold atoms [13] . The Fisher information can furthermore be efficiently approximated for Gaussian spin states by means of experimentally convenient spin squeezing coefficients [29] [30] [31] [32] [33] . Using these methods, multipartite entanglement of large numbers of particles has been demonstrated by collective measurements [13, [34] [35] [36] .
An extension of the theoretical framework to CV systems has been achieved recently by combining the quantum Fisher information with local variances [28] and the development of a bosonic multi-mode squeezing coefficient [37] . A microscopic understanding of the inseparability properties in all possible partitions of the system is provided by the information from local measurements on the subsystems. Local observables are routinely measured in CV systems, such as photonic cluster states [26, 27, [38] [39] [40] . The separability bounds for the metrological sensitivity are directly obtained from the local data and need not be determined theoretically. Entanglement criteria based on the quantum Fisher information further provide a geometric interpretation in phase space.
Here, we analyze experimentally generated CV multi-mode squeezed states of two, three and four photonic modes using the recently developed bosonic squeezing coefficients and the CV quantum Fisher information. Our complete microscopic study encompasses all possible multi-partitions of the systems as well as the reduced distributions obtained by tracing over certain modes. A controllable loss channel on one of the modes is used to study the effect of losses on the multipartite entanglement structure. Our analysis is based on experimentally extracted covariance matrices and demonstrates the applicability of entanglement criteria based on the Fisher information to CV systems and cluster states. Sudden transitions as a function of loss and noise-independent partitions are explained intuitively by the geometric interpretation of our entanglement criteria in phase space. Finally, we show that the criteria are not equivalent to the PPT criterion for bi-partitions.
We consider an N-mode continuous-variable system with a vector of phase-space operatorsr = (r 1 , . . . ,r 2N ) = (x 1 ,p 1 , . . . ,x N ,p N ). Any real vector g = (g 1 , . . . , g 2N ) defines a multi-mode quadratureq(g) = g ·r, which generates displacements of the formD(θ) = exp(−iq(g)θ). The sensitivity of a Gaussian quantum stateρ under such displacements is determined by the quantum Fisher information [41] [42] [43] 
where Ω = ρ is the inverse of the covariance matrix with elements (Γρ) i j = 1 2 r ir j +r jri ρ − r i ρ r j ρ . By means of the quantum Cramér-Rao inequality, the quantum Fisher information directly determines the precision bound for a quantum parameter estimation of θ [44] . It was shown in Ref. [28] that an upper limit for the sensitivity of mode-separable states is given in terms of the single-mode variances of the same state:
where Γ Π(ρ sep ) is the covariance matrix after all elements except the central 2 × 2 blocks have been set to zero, effectively removing all mode correlations. This corresponds to the covariance matrix of the product state of the reduced density matrices Π(ρ) = N i=1ρ i . Any violation of inequality (2) indicates the presence of entanglement between the modes. To identify the contribution of specific subsystems in a multipartite system, this criterion can be generalized for a microscopic analysis of the entanglement structure [37] . A witness for entanglement in a specific partition of the full system into subsystems Λ = A 1 | . . . |A M , where A l describes an ensemble of modes, is obtained from Eq. (2) by replacing the fully separable product state Π(ρ) on the right-hand side by a product state on the partition A 1 | . . . |A M . More precisely, any A 1 | . . . |A Mseparable quantum state, i.e., any state that can be written aŝ
, where p γ is a probability distribution, must satisfy [37] 
where
A l andρ A l is the reduced density matrix ofρ Λ on A l . The covariance matrix Γ Π Λ (ρ Λ ) can be easily obtained from Γρ Λ by setting only those off-diagonal blocks to zero which describe correlations between different subsystems A l . The fully separable case, Eq. (2), is recovered if each A l contains exactly one mode.
By combining the separability criterion (3) with the expression for the quantum Fisher information of Gaussian states (1), we find the following condition for the covariance matrix of A 1 | . . . |A M -separable states:
where we have used that both expressions (1) and (3) are valid for arbitrary g and then multiplied the equation with Ω from both sides using Ω T Ω = I 2N and Ω T = −Ω. Inequality (4) expresses that the matrix on the left-hand side must be negative semidefinite. Hence, if we find a single positive eigenvalue, entanglement in the considered partition is revealed. Thus, it suffices to check whether the maximal eigenvalue λ max is positive. The corresponding eigenvector e max further identifies a 2N-dimensional "direction" in phase space such that the sensitivity under displacements generated byq(e max ) maximally violates Eq. (3).
A lower bound on the quantum Fisher information of arbitrary states can be found from elements of the covariance matrix using [37] 
which holds for arbitrary g, h. Choosing h = Ωg with |g| 2 = 1 leads with (3) to the separability condition [37] 
is the bosonic multi-mode squeezing coefficient for the partition Λ. Here, the minimizing g can be interpreted as a direction in phase space that identifies a multi-mode quadraturê q(g) with a squeezed variance which can be traced back to mode entanglement [37] .
In the following we analyze experimentally generated Nmode Gaussian states with N = 2, 3, 4, subject to asymmetric loss using the two entanglement criteria defined by the quantum Fisher information, Eq. (4), and the multi-mode squeezing coefficient, Eq. (6). The graph representations of the three classes of Gaussian multi-mode squeezed states considered here are shown in Fig. 1 . They are often referred to as CV Einstein-Podolsky-Rosen (EPR) state, or simply two-mode squeezed state (N = 2, Fig. 1a ), three-mode CV GreenbergerHorne-Zeilinger (GHZ) state (N = 3, Fig. 1b) , and four-mode square Gaussian cluster state (N = 4, Fig. 1c) . The experimental generation of the states is described in detail in the Supplementary Material and Refs. [45] [46] [47] . In all cases, the CV entangled states are generated by nondegenerate optical A|B obtained by numerically minimizing in Eq. (7), using the experimentally measured covariance matrices (blue dots) and the theoretical prediction based on the state preparation schemes described in Fig. 1 parametric amplifiers (NOPAs) with −3 dB squeezing at the sideband frequency of 3 MHz. The EPR entangled state is prepared directly by a NOPA [45] . The three-mode GHZ state is obtained by combining a phase-squeezed and two amplitudesqueezed states using two beam splitters with transmissivities of T 1 = 1/3 and T 2 = 1/2, respectively, as shown in Fig. 1d [46] . Similarly, the four-mode square Gaussian cluster state is prepared by coupling two phase-squeezed and two amplitudesqueezed states on a beam-splitter network consisting of three beam splitters with T 3 = 1/5 and T 4 = T 5 = 1/2, respectively, as shown in Fig. 1e [47] .
To study the robustness of multipartite entanglement under transmission losses, a lossy quantum channel for modê A is simulated using a half-wave plate (HWP) and a polarizing beam splitter (PBS). The output mode is given bŷ A = √ ηÂ + 1 − ηυ, where η andυ represent the transmission efficiency of the quantum channel and the vacuum mode induced by loss into the quantum channel, respectively. Let us now turn to the characterization of CV entanglement based on the experimentally generated data. Fig. 2a shows the inverse squeezing coefficient (7) for an CV EPR state in a lossy channel for the only possible partition A|B of the bipartite system. The coefficient ξ −2 A|B decreases as the transmission efficiency η decreases but it always violates the separability condition (6) unless η = 0, i.e., when modeÂ is completely lost. This confirms that CV EPR entanglement only decreases but never fully disappears due to particle losses, i.e., CV EPR entanglement is robust to loss [48] . We observe the same behavior for the criterion Eq. (4), which makes use of the Gaussian quantum Fisher information. Fig. 2b shows the maximum eigenvalue λ max of the matrix Γ where φ is a function of η (for η = 1 we have φ = π/4 [37] ). These directions indicate strong correlations in the momentum quadratures and anti-correlations in the position quadratures, allowing us to relate the entanglement to the squeezing of the collective variances ∆(x A sin φ +x B cos φ) 2 and
The entanglement structure becomes more interesting for the three-mode GHZ state, exhibiting four non-trivial partitions of the system, as well as three reduced two-mode states. The squeezing coefficient (7), as well as the Gaussian Fisher information entanglement criterion (4), are plotted in Fig. 3 for all four partitions. Both show that at η = 1 the three biseparable partitions A|BC, B|AC, and C|AB are equivalent due to the symmetry of the state, but as η is decreased, the entanglement in the partition A|BC is more strongly affected by the losses than that of the other two partitions. In the extreme case where mode A is fully lost (η = 0) there is still some residual entanglement between B and C [49] . In this case, all partitions are equivalent to the bi-partition B|C. The data shown in Fig. 3 confirms this: In both cases, the entanglement witness for all partitions coincide at η = 0, except A|BC which, as expected, yields zero.
We further notice a discontinuity for the theoretical predictions of both witnesses regarding the fully separable partition A|B|C as a function of η (blue lines in Fig. 3 ). This can be explained by analyzing the corresponding optimal phase space direction g. In the presence of only moderate losses, the maximal correlations and squeezing are identified along the direction g = (0, c 1 , 0, c 2 , 0, c 2 ) with c 2 1 + 2c 2 2 = 1, i.e., the multi-mode quadratureq(g) = c 1pA + c 2pB + c 2pC which involves all three modes. The squeezing along this phase-space direction diminishes with increasing losses. When the losses of mode A become dominant, the squeezing along the phase space direction g = (0, 0, 1, 0, −1, 0)/ √ 2, i.e., of the quadra-
2 is more pronounced as it does not decay with η, being independent of mode A. The discontinuity is therefore explained by a sudden change of the optimal squeezing direction due to depletion of mode A. We remark that the experimentally prepared states are the same, except for the variable η. The change of the squeezing direction simply implies that when the local noise exceeds a critical value, the entanglement is more easily revealed by analyzing the quantum state from a different 'perspective' in phase space. Notice that having access to the full covariance matrix, we can analyze both entanglement witnesses for arbitrary directions.
The change of the optimal direction is observed for both entanglement coefficients, whereas the transition occurs at a larger value of η for the Fisher information criterion (4). Further details can be found in the Supplementary Material. There we also show the two-mode entanglement properties after tracing over one of the modes in an analysis of the reduced density matrices, which show that two-mode entanglement persists after tracing over one of the subsystems, in stark contrast to GHZ states of discrete variables [50] .
Finally, we analyze the four-mode Gaussian cluster state in Fig. 4 . We find that the decoherence of entanglement depends on the cluster state's geometric structure. As shown in Fig. 4a , the inverse multi-mode squeezing coefficient ξ D|ABC overlap due to the symmetric roles of modes C and D. Fig. 4d shows the inverse multi-mode squeezing coefficients for 2 ⊗ 2 partitions. It is interesting that the coefficient ξ
AD|BC ) is immune to transmission loss of mode A. This indicates that the collective coefficients for 2 ⊗ 2 partitions, where each partition is composed by two neighboring modes [recall the graph representation in Fig. 1c] , is not sensitive to the loss of any one mode. In contrast, the coefficient ξ −2 AB|CD , where each subsystem is composed by two diagonal modes, is still sensitive to transmission loss. As before, we find that the qualitative behavior of the squeezing coefficient ξ −2 coincides with that of λ max of the Gaussian Fisher information criterion (4), see Fig. 4e-h. A further understanding of the entanglement structure is provided by an analysis of the three-mode and two-mode reduced density matrices of the state as well as of the optimal directions. A detailed analysis reveals that the loss-robustness is drastically reduced for all partitions if either mode C or D is traced out [see Supplementary Material for details]. Moreover, for very small values of η, the entanglement in the partitions A|CD, D|AB and C|AB in the reduced three-mode states is revealed by the criterion (4) but not by the squeezing approximation (7), where we assumed h = Ωg to simplify the optimization [see Supplementary Material for details].
To benchmark our CV entanglement criteria, we may compare them to the PPT criterion, which is necessary and sufficient for 1⊗(N −1) separability of Gaussian states [15, 16, 54] . For partitions into more than two subsystems the PPT criterion cannot be applied. It is interesting to notice that the PPT separability condition can be expressed as
where ΓρPPT is the covariance matrix after application of the partial transposition operation. The condition (8) is the Heisenberg-Robertson uncertainty relation for the stateρ PPT and constitutes a bona-fide condition for the physicality of the covariance matrix [51] [52] [53] . A violation of (8) therefore indicates that ΓρPPT does not correspond to a physical state, from which one can conclude that the original state, described by Γρ, is entangled. The similarity of Eqs. (4) and (8) indicates the close relationship of the two criteria with the uncertainty relation [37] . Note also that all pure Gaussian states Ψ saturate the uncertainty relation Γ −1 Ψ = 4Ω T Γ Ψ Ω, which together with Eq. (1) allows us to recover the relation
T Γ Ψ g for pure states. The criteria employed here and the well-established PPT condition are not equivalent. This is indicated by (i) the applicability of our criteria to multi-partite separability classes, their geometric interpretation and their connection to metrological sensitivity, (ii) the ability to detect non-Gaussian entanglement beyond the PPT condition using the CV Fisher information [28] or squeezing of higher-order observables [37] , and (iii) the existence of PPT-entangled states which are not revealed by the CV squeezing coefficient or the Fisher information for displacements. A simple class of states that belong to (iii) can be constructed by mixing the two-mode squeezed state with the vacuum [see Supplementary Material for details]. Moreover, the reduced two-mode states of the fourmode cluster state studied here also are examples of (iii).
In conclusion, we demonstrated that the multi-mode squeezing coefficient and the quantum Fisher information provide useful tools to understand the entanglement structure of Gaussian N-mode entangled states. In our microscopic analysis of CV states of up to four modes we characterized the robustness of entanglement for each partition individually. The methods employed in this work yield a geometric interpretation in terms of a phase-space direction that identifies a strongly squeezed multi-mode quadrature as the origin of the mode correlations. Certain partitions revealed sudden transitions of the optimal phase-space direction for entanglement detection, rendering the entanglement coefficient invariant after passing a threshold value. This is strongly reminiscent of the "freezing" behavior previously observed for measures of entanglement [55] [56] [57] , discord [58] and coherence [59] under incoherent dynamics. However, it is important to notice that the entanglement criteria considered here are witnesses
The squeezing coefficient represents an easily accessible entanglement criterion, based on a second-order approximation of the quantum Fisher information, which is more involved to extract experimentally for general states. For the specific case of Gaussian states, both criteria are expressed in terms of moments up to second order, but for the squeezing coefficient the optimization was restricted to specific quadratures to reduce the number of parameters. This was found to be a suitable approximation in most cases, as we obtained qualitatively equivalent results to the Fisher information. Only in the presence of strong losses, the Fisher information reveals Gaussian entanglement for certain partitions of the reduced states that remains undisclosed by the squeezing coefficient.
Our detailed analysis highlights the advantages of the mode entanglement criteria based on the quantum Fisher information for Gaussian states, in particular, their ability to study multi-partitions based on available data only, their geometric interpretation, and their relation to the metrological sensitivity. We have also observed their limitations, i.e., not being a necessary and sufficient condition for all Gaussian states. However, in principle the entanglement of arbitrary pure states can be revealed using the Fisher information criterion [28] . These methods thus complement the well-established PPT techniques for CV systems, which are necessary and sufficient for Gaussian 1 ⊗ (N − 1) systems but unfitting for multipartitions and of limited applicability for non-Gaussian states.
The more general criterion based on the quantum Fisher information is expected to be particularly useful for nonGaussian states. In this case, it is able to reveal entanglement even when entanglement criteria based on second-order moments can no longer be applied and the concept of squeezing is ill-defined. We expect that these methods provide useful techniques for the analysis of entanglement in complex CV networks [39, 60] .
Supplementary Material THE EXPERIMENTAL SETUP
The experimental setup to generate two-mode EPR state is depicted in Fig. S1a . A −3 dB EPR state at the sideband frequency of 3 MHz is generated directly from a NOPA I. The lossy channel (LC) is composed by a half-wave plate (HWP) and a polarization beam splitter (PBS). Quadratures are measured via homodyne detectors (HD) 1−2 and the local oscillator (LO). Further technical details on the generation of the EPR state can be found in Ref. [1] .
The three-mode GHZ state was generated using the experimental setup depicted in Fig. S1b . The squeezed states are generated from the coupled modes at +45
• and −45
• polarization directions of two NOPAs. Further technical details can be found in Ref. [2] .
Fig. S1c depicts the experimental setup used to generate the four-mode Gaussian square cluster state. A dual-wavelength laser for 540 nm and 1080 nm is used. Two mode cleaners are inserted between the laser source and the NOPAs to filter higher order spatial modes and noise of the laser beams at two wavelengths, respectively. In addition to elements described already for Fig. S1a and Fig. S1b , dichroic mirrors (DMs) are also shown. For technical details we refer to Ref. [3] .
THEORETICAL MODEL
The effect of the beam-splitter array on the initial product state of N = 3 or N = 4 modes, as depicted in Fig. 1d and Fig. 1e the squeezing strength r and the transmission efficiency η for mode A. Assuming the transmissivity coefficients T 1 , . . . , T 5 as stated in the main text, we obtain the covariance matrices
for the two-mode states, 
for the three-mode states, and 
for the four-mode states, respectively. We have abbreviated the functions c = cosh(2r) and s = sinh(2r).
RECONSTRUCTION OF COVARIANCE MATRICES
In the experiment, the covariance matrices of the multipartite CV entangled states are obtained from local measurements on the optical output modes. These measurements include the amplitude and phase quadratures ∆ 2r i , ∆ 2r j , and the cross correlations ∆ 2 r i +r j or ∆ 2 r i −r j . The elements of the covariance matrix are calculated via the identity
For each transmission efficiency η of mode A, three sets of covariance matrices are reconstructed. Error bars for all the experimental data are obtained from the statistics of the three covariance matrices.
MICROSCOPIC ENTANGLEMENT STRUCTURE
In addition to the data shown in the main manuscript, we provide a complete microscopic analysis of the entanglement structure of the three considered states. This encompasses an analysis of both entanglement coefficients, i.e., the squeezing coefficient and the Fisher information for all possible partitions and reduced density matrices, and an analysis of the optimal phase-space directions.
A summary of all partitions of the three states and their analysis is given in Tab. I. We analyzed a total of 44 partitions. Out of these, 12 are genuine multi-partitions, which cannot be analyzed with the PPT criterion. In all of these cases, entanglement was revealed by the Fisher information. There are four bi-partitions, in which the squeezing coefficient and the Fisher information are unable to reveal entanglement, but its presence is demonstrated by the PPT criterion. Three partitions exhibit a discontinuous change of the optimal squeezing direction as a function of η. In three reduced partitions of the four-mode state, we detect entanglement with the Fisher information criterion for all η, while the squeezing coefficient is unable to detect it if η is very small, otherwise both criteria coincide qualitatively.
The details of this analysis is presented in the following.
Three-mode GHZ state
Both entanglement coefficients for all four partitions of the three-mode GHZ state were shown in Fig. 3 in the main manuscript. Optimal phase-space directions and discontinuities of the coefficients Table II summarizes the phase-space directions g which maximize the entanglement coefficients. They identify a quadratureq(g) = g ·r whose squeezing leads to maximal violation of the respective mode separability criterion (see main text). By construction, the coefficients do not depend on the overall sign of g.
We remark that the directions g which maximize violation of the separability criteria do not necessarily coincide with the quadrature that is most strongly squeezed, i.e., they are not always given by the minimal eigenvector of Γ ρ or Ω T Γ Π(ρ) Ω. Deviations between the two directions are found, e.g., for η 1. Neither does the maximal eigenvalue λ max necessarily identify a direction in phase space that maximizes the quantum Fisher information [instead of the difference with the local variances which is considered in Eq. (4)]. If the goal is to maximize the Fisher information with a normalized phase space direction, the effect of noise can always be avoided by choosing a strongly squeezed (e.g. single-mode) quadrature that is not prone to losses.
Notably, we observe that the optimal direction for the A|B|C direction changes abruptly at a critical value of η due to the depletion of mode A. For strong losses, the strongest violation of separability is found for a phase-space direction with no overlap with mode A. This explains the discontinuous behavior of the two entanglement coefficients, as shown in Fig. S2 .
Reduced density matrices
Further microscopic understanding of the entanglement structure can be gained by analyzing the reduced distributions after tracing out some of the modes. For the three-mode GHZ state, there are three different two-mode states, obtained by ignoring one of the three modes. These states can be analyzed using our entanglement coefficients in the same way as the two-mode state in the main manuscript. The coefficients are sqz., Eq. (7) QFI, Eq. (4) detected state partition ξ The table shows where the squeezing coefficient, the entanglement criterion based on the quantum Fisher information (QFI), and their associated optimal phase-space directions are presented. We further indicate whether a discontinuous behavior of the optimal phase-space directions is observed (column 'disc.') for these partitions (where applicable we refer to a figure with further details). Notice that some reduced partitions show a non-analytic transition from non-zero squeezing to zero squeezing as denoted by an asterisk ( * ). Finally we display whether entanglement was detected by the criteria employed in this manuscript and the PPT partition (only applicable for bi-partitions). plotted in Fig. S3 . When mode A is ignored, the remaining state is completely invariant under losses of that mode (blue lines). The other two-mode reduced states for modes A|B and A|C show the same entanglement properties as the two-mode EPR state considered in the manuscript. This shows that the entanglement structure of the three-mode continuous-variable GHZ state differs vastly from that of GHZ states with discrete variables, which lose all of their entanglement as soon as one of the modes is trace out [4] .
Four-mode square cluster state
In Fig. S4 we complete the analysis of the entanglement coefficients of Fig. 4 to all partitions by showing also the remaining data for the B|C|AD and A|C|BD partitions. It can be seen that the coefficients for B|C|AD coincide with those of B|D|AC shown in Fig. 4(b) and A|C|BD coincides with A|D|BC. This is a consequence of the symmetric roles of modes C and D. corresponding gain for the entanglement coefficient exceeds 1% of the coefficient value.
The discontinuous behavior in the partition A|B|CD [ Fig. 4 (b) and (f)] can again be explained by a transition of the optimal phase-space direction, see also Tab. IV. This is depicted in further detail in Fig. S5 .
The four-mode cluster state gives rise to a large ensemble of reduced density matrices with a rich entanglement structure. We show the squeezing coefficient [ Fig. S6 ] and the Fisher information criterion λ max [ Fig. S7 ] for all partitions of the four reduced states of three modes, in analogy to the analysis of the three-mode CV GHZ state. We observe (i) the loss independence of modes B, C, and D in subfigures (a), (ii) the symmetric roles of modes C and D, as well as enhanced decoherence in absence of these modes in subfigures (c) and (d), (iii) an abrupt change of the optimal squeezing direction for the A|C|D partition, and (iv) an entanglement structure akin to that of the three mode CV GHZ state after tracing out mode B in subfigures (b).
Finally, we observe a difference between the squeezing partition η ∈ g min for Eq. partition η ∈ g min for Eq. (7) e max for l.h.s of Eq. (4) (0, c 1 , 0, c 2 , c 3 , 0, c 3 , 0) (0, c 1 , 0, c 2 , c 3 , 0, c 3 , 0)  AC|BD [0, 1] (0, 0, c 1 , c 2 , c 3 , c 4 , c 5 , c 6 ) (0, c 1 , 0, c 2 , c 3 , 0, c 4 , 0)  AD|BC [0, 1] (0, 0, c 1 , c 2 , c 3 , c 4 , c 5 , c 6 ) (0, c 1 , 0, c 2 , c 3 , 0, c 4 , 0) TABLE VI. Optimal phase-space directions for the 2 ⊗ 2 partitions. coefficient and the Fisher information criterion. All states and all partitions contain entanglement for η > 0, as is revealed by the Fisher information criterion, Fig. S7 . In contrast, for small values of η, the squeezing coefficient is no longer able to detect the entanglement in the partitions A|CD, C|AB and D|AB. The squeezing coefficient for A|CD bends abruptly at η = 0.13 and for smaller values no longer exceeds the separability threshold of 1. This is analogous to the change of the optimal squeezing direction discussed in other cases before, with the difference that the optimal direction g min = (0, c1, c2, 0, c2, 0) for η > 0.13 is unable to reveal entanglement when η ≤ 0.13. In this case, a larger, yet still separable value of ξ The discrepancy between the two coefficients is due to the approximation that is made in the derivation of the squeezing coefficient. It is based on a Gaussian lower bound (5) on the quantum Fisher information and, to ease the optimization procedure, the additional restriction to pairs of quadratures with maximal commutator, i.e., h = Ωg. Since the states considered here are still Gaussian, the limitation is due to the con- We further show the entanglement witnesses for the reduced 1 ⊗ 1 states, obtained from the four-mode cluster state after tracing over two modes in Fig. S8 . Interestingly, our metrological entanglement criteria only reveal entanglement among the subsystems A|B and C|D, i.e., the modes that are diagonal in the graph representation shown in Fig. 1 (c) . However, an analysis with the PPT criterion reveals small amounts of entanglement also in the other bi-partitions (see Fig. S10 below). Hence, these highly mixed reduced states represent examples of Gaussian states whose entanglement is not revealed by comparing the metrological sensitivity with their separability bounds. The comparison with the PPT criterion will be discussed further in the next section. 
BENCHMARKING THE ENTANGLEMENT WITNESSES WITH THE PPT CRITERION
In the special case where a single subsystem is separated in a bi-partition from the rest of the modes, the PPT criterion becomes a necessary and sufficient condition for separability of Gaussian states [5] . It therefore represents an ideal benchmark for the novel entanglement witness considered in our work.
In summary, our criteria show qualitative agreement with the PPT criterion for all bi-partitions for all three states of N = 2, N = 3 and N = 4. However, differences are observed if all reduced distributions are taken into account. The metrological tools do not reveal entanglement in some of the 1 ⊗ 1 partitions of the reduced two-mode states, obtained by tracing over two of the modes of the cluster state, while the PPT criterion still indicates entanglement. In these states, entanglement is present, but the achievable metrological sensitivity stays below their associated separability limit.
Analysis of the experimental data with PPT
As an example, we show the PPT criterion for the 1 ⊗ 3 partitions of the four-mode CV square cluster state in Fig. S9 (a) . We find indeed that our entanglement coefficients [ Fig. 4 (c) and (g)] show the same qualitative behavior as the PPT condition.
In fact, whenever our criteria detect entanglement in a 1 ⊗ (N − 1) partition, the PPT criterion necessarily also detects it. Such a direct conclusion cannot be drawn for the 2 ⊗ 2 partitions of the four-mode cluster state, as the PPT is no longer a necessary and sufficient criterion for entanglement of Gaussian states. However, also in this case the PPT criterion detects the entanglement (see Fig. S9 (b) ).
We analyzed the data from all generated quantum states FIG. S9. PPT criterion for the four-mode CV cluster state. We plot the smallest symplectic eigenvalue of the covariance matrix of the partially transposed quantum state. This value is larger than one if and only if Eq. (8) is satisfied. We show 1 ⊗ 3 partitions in (a) (in this case PPT is a necessary and sufficient condition for entanglement of Gaussian states) and 2 ⊗ 2 partitions in (b). We identify entanglement for all values of η ≥ 0 in all partitions, except at η = 0 for A|BCD when mode A is isolated. This, as well as the qualitative dependence on η is in complete agreement with the information provided by the two entanglement witnesses studied in our article, cf. Fig. 4 (c) , (d), (g) and (h).
with the PPT criterion for comparison and find the same qualitative behavior in all bi-partitions and subsystems except for some of the reduced 1 ⊗ 1 states represented in Fig. S8 . These examples show that our criteria are not necessary and sufficient for separability of Gaussian states and therefore not equivalent to the PPT criterion in general. 
with c = cosh(2r) and s = sinh(2r) and r quantifies the squeezing. The coefficient p determines the relative weight. Incoherent decay into the vacuum transforms an initial twomode squeezed state into the above state with p = e −γt , where γ is the decay rate and t is the evolved time [6] .
The coefficients studied in this paper only reveal the entanglement of this state for |r| ≤ r 0 = arccoth(2) ≈ 0.549 over the entire range of p, while it is entangled for any value of r 0 and p 0, as shown by the PPT criterion, see Fig. S11 . When |r| > r 0 , entanglement remains unrevealed by the squeezing criterion (7) and the Fisher information (4) in the range p ∈ [0, p max ] with p max = 1 2 (2 − coth |r|)(1 + coth |r|),
FIG. S10. PPT criterion for the reduced two-mode states of the fourmode cluster state. The strongest entanglement is found for the diagonal modes (b), but small amounts of entanglement can be found also for neighboring modes (a).
as displayed in Fig. S11 . This result can be analytically obtained by applying the criterion (4) to the state characterized by the covariance matrix (S5). 
